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Abstract- Experimental studies have shown that a region of partial dysfunction occurs in non
infarcted heart muscle near the edge of a myocardial infarction. where both blood flow and
contractile function are compromised. Most data also indicate that the "border zone" for flow is
much narrower than that for function. The factors responsible for these effects, which may lead to
further infarction or other complications. are not completely understood. Thus. to study the
mechanics of this problem. we present an ellipsoidal shell model for the infarcted left ventricle. The
analysis of the model is based on a nonlinear shell theory that includes the effects of large axi
symmetric deformation (with torsion), thick-shell effects, anisotropy. muscle activation, and residual
stress. The governing equations are solved with a modified integrating matrix technique. We study
both acute and chronic apical infarcts. which are represented by relatively soft and hard passive
regions, respectively. Comparing theoretical and experimental pressure-volume relations and wall
strains indicates that the model descrihes the mechanical behavior of the normal and ischemic left
ventricle reasonably well. The model predicts significantly elevated end-systolic stresses inside an
acute infarct, which may contribute to the complication of infarct expansion. Near the edge of the
infarct. the results show that a relatively narrow bending boundary layer occurs within a much
wider membrane boundary layer, suggesting that these layers correspond to the perfusion and
functional border zones. respectively. The stiffer chronic infarct alleviates the stress concentrations
in the border zone. Thus. treatment strategies should consider the relative differences in properties
between the infarcted and noninfarcted regions. Copyright 1996 Elsevier Science Ltd.

NOTATION

h = transverse shear factor (= 5/3)
C, = in-plane curvature measures
C = material constants
('ii = Lagrange strains relative to reference configuration

E... E" = wall thickening, normalized wall thickening
g, = transverse shear strains
h = one-half shell thickness

H, = horizontal stress resultants
I = strain invariant

k'l! = curvatures
K = number of laminae in shell

M'/I = moment resultants
11 = transverse coordinate

N,/i = force resultants
p = internal pressure

Pfl = horizontal pressure component
P = point on reference surface

P, = moment resultant about normal to reference surface
q, = applied surface moments

Q, = transverse shear stress resultants
r = radial coordinate

R
"

R2 = semimajor. semiminor shell axes
.\' = meridional coordinate
S = reference surface
Sf = transverse normal stress resultants
T = twisting moment
V = ventricular cavity volume

V, = vertical stress resultants
It' = two-dimensional strain-energy density function
W = three-dimensional strain-energy density function
.Y, = shell coordinatcs
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y = solution vector
: = axial coordinate
x = shift tensor
Ii = fiber angle

.,'., = transverse shear strains
r,o r" = transverse shear angles

(I,. = two-dimensional Kronecker delta<= Lagrange strains relative to end diastole
() = circumferential coordinate

h"/i = curvature change measures
i',r = two-dimensional stretch components
Ai, = three-dimensional stretch components
AI = fiber stretch ratio
J1., = shifters

crlo cr,_ = fiber. cross-fiber Cauchy stresses
qJ = meridional angle

~J, = in-plane curvature changes
UJ = circumferential rotation angle of point on reference surface
Q = circumferential rotation angle of shell face.

I. INTRODUCTION

A myocardial infarction ("heart attack") is a region of oxygen-starved (ischemic) heart
muscle that becomes necrotic. Most infarcts occur in the left ventricle (LV) and are
produced by occlusion of a coronary artery, with the blockage due most often to a fractured
atherosclerotic plaque or a thrombus (blood clot). Myocardial infarctions also can be
precipitated by an imbalance between oxygen supply and demand, without total obstruction
of an artery. Wall stresses can affect both sides of the supply-demand equation. Elevated
wall stresses increase oxygen consumption by increasing energy requirements (Sarnoff et
al., 1958; Skelton and Sonnenblick, 1974; Sagawa et al., 1988) and can limit oxygen supply
by compressing intramyocardial vessels, particularly during systolic contraction (Downey
et al., 1974; Hoftinan et al., 1985).

Abnormal wall stresses also may contribute to the complications that follow myo
cardial infarction, which include infarct expansion, extension, and rupture (Weisman and
Healy, 1987). Infarct expansion is a permanent dilatation of the infarcted region, while
infarct extension involves additional necrosis in the region immediately adjacent to the
original infarction. Many expanded infarcts eventually become ventricular aneurysms,
which are permanent outpocketings of the wall composed of mature scar tissue. Rupture
of the wall most often occurs during the first few weeks post-infarction, before the healing
process is completed. All of these complications can severely reduce life expectancy.

An issue that has been debated for several years is whether a border zone (BZ) of
moderately ischemic myocardium surrounds an infarct. If such a zone exists. it likely
predisposes the region to infarct extension. Appropriate treatment, on the other hand, may
be able to salvage the ischemic tissue (Braunwald and Maroko, 1974). Mechanically, a
boundary layer would be expected to occur at the edge of an infarct. and experimental
results support the presence ofajimctional border zone (FBZ), where contraction is compro
mised (Sakai et al.. 1985; Gallagher et al.. 1987a, b; Nanto el al., 1993). Howevcr. most
recent data indicate that thc transition region from the unperfused infarct to the normally
perfused myocardium. the perfusion border zone (PBZ), is much narrower than the FBZ
(Hirzel et al.. 1977; Murdock el al., 1983; Sakai el al., 1985; Gallagher et al.. 1987a, b).
Here again, wall stress may be an important factor.

The purpose of the present study is to examine the stresses predicted by a model for
the infarcted LV. The model is a laminated, ellipsoidal shell of revolution that includes the
effects of large deformation, anisotropy, and muscle contraction. Both acute (relatively
soft) and chronic (relatively stiff) apical infarcts are studied. The results suggest that
membrane stresses dominate contractile dysfunction, while bending stresses dominate intra
myocardial blood-flow impediment. Thus, therapy aimed to alter local stress distributions,
not only peak wall stress, may be warranted.
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2. MODEL
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To a first approximation, thc LV is a thick-walled ellipsoidal shell (Fig. la). The
myocardial fibers wind around the ventricular cavity and, relative to the circumferential
direction, change orientation angle across the wall from about 60 at the endocardium to
- 60' at the epicardium (Streeter, 1979). The fibers are bound by a highly ordered interstitial
collagen matrix (Caulfield and Borg, 1979).

Representing the basic structure, our model for the LV is an ellipsoidal shell of
revolution (Fig. Ia) composed of pseudoelastic. incompressible laminae that are trans
versely isotropic relative to the local fiber direction. The fiber angle fi is constant across
cach layer but varies piccewise linearly across the wall from 60° to - 60. For the canine
LV in the reference (unloaded passive) state, we use the representative dimensions RI = 2.39
cm and R2 = 1.09 cm, respectively, for the inner semimajor and semiminor axes of the shell
(Fig. Ia). In addition, the base of the LV is located above the equator by R1/2, and the wall
thickness 211 is 0.60 em. The base is taken clamped to a rigid end plate representing the
mitral valve ring, while the remainder of the shell is allowed to translate and rotate freely.
The shell is subjected only to a specified internal pressure p, and all of the results contain
the effects of residual strain for a circumferential opening angle of 30 [see Taber (1991 a)].

Transmural infarcts are studied by modifying the material properties of a specified
axisymmetric region at the apex. During the healing process, the necrotic muscle tissue is
replaced gradually by fibrous scar tissue. Experimental measurements indicate that the
stiffness of infarcted myocardium increases significantly within the first few hours following
infarction, reaches a peak in the first couple of weeks, and then decreases (Parmley el al.,
1973; Gupta ('I al., 1994). A fibrous infarct, however. remains at least five times stiffer
than normal myocardium. In this work, we examine two limiting cases: acute infarcts.
representing the first few minutes post-infarction, and chronic infarcts, representing several
weeks or months after infarction. Acute infarcts are modeled as myocardium that remains
passive during the cardiac cycle, with the passive properties remaining normal: chronic

(b)

Equator

60% (25% infarct)
70%

80% (10% infarct)

Apex 90%

Fig. I. ia) Model of left ventricle. (b) Meridional locations.
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Fig. 2. Side view (a) and top view (b) of differential shell element.

infarcts are modeled as inextensible caps, with geometries fixed by the unloaded passive
configuration of the normal LV. t Outside the infarcted region in both cases, the myo
cardium is assumed to have normal contractile properties.

Results are presented for a model composed of nine layers of equal thickness. We
examine the normal LV and the LV with apical transmural infarcts occupying 10% and
25% of the LV reference surface area (approximately 6% and 15% of the wall volume).
These infarcts involve the lower 20% and 40%, respectively, of the shell meridian (Fig. Ib).
Here, we focus on the behavior at end diastole (ED) and end systole (ES).

3. ANALYSIS

The analysis of the model is based on our previously published theory for relatively
thick shells composed of incompressible muscle (Taber, 1991 b). This theory accounts for
the effects of anisotropy, geometric and material nonlinearities, transverse shear defor
mation, and transverse normal stress and strain. Muscle activation and residual stress are
handled through shifts in the local zero-stress state for a shell element. The present study
uses equations specialized for the case of axisymmetric deformation of shells of revolution
with axial torsion. (The anisotropy induces torsion.) A similar analysis for cylindrical
geometry was presented by Taber (I991a).

Consider an ellipsoidal shell of revolution with axis of symmetry z (Fig. Ia). For
convenience, we refer to the unloaded passive configuration as the "undeformed" con
figuration, even though residual stresses may be present. Relative to a global polar coor
dinate system, the coordinates of a point P on the undeformed reference surface S are
(f, 0, z). An arbitrary point in the undeformed wall is located by the "shell" coordinates
(e, ,s, n) == ex\. ~X2' ~X3)' where s is the meridional and n the transverse normal direction along
the reference surface, and the geometry of S is defined by a relation of the form i' = f(s).
Note that bars indicate the undeformed state.

Deformation carries the point P(f, 0, z) on S to the point per, e, z) on the deformed
reference surface S. Lines normal to Sand S enclose the angles ¢ and ¢ - r" respectively,
with the axis of symmetry. where ¢ is the meridional angle of the deformed/ace of a shell
element (Fig. 2a). Similarly, due to torsion, the circumferential face rotates through an

tRecently. Gupta ci al. (1994) published biaxial data on the mechanical properties of infarcts. Unfortunately.
these data did not become available until our study was complete.
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angle 0 about the I-axis, with w = 0 - 1(1 being the circumferential angle between P and P
(Fig. 2b). The angles C and 1 0 are measures of the transverse shear deformation.

3.1. Shell equations
Here, we list the governing equations of the theory; details of their derivation can be

found in Taber (1988; 1991 b). These relations describe the deformation relative to the
unloaded passive (reference) configuration. Modifications to include muscle activation and
residual stress are discussed later. Note that symbol definitions are listed under Notation,
the subscripts (1,2,3) denote the (8, s, ii) directions, and prime denotes differentiation with
respect to s. In addition, stress and moment resultants are defined per unit undeformed
length, Greek subscripts take the values I and 2, and Latin subscripts take the values 1, 2,
3. (The summation convention is not employed.)

Reference-surlace strains:

el2 = rcos¢ sin II1/f, e22 = (r' cosle+rw' sin 1 0) cos ep+z' sin ep-l,

(I = rsin¢sinll1/f, 1'2 =(r'coslo+ru/sinle)sinep-z'cosep.

Reference-sUI/ace stretches:

Curvature change measures:

(I)

(2)

k ll = sin ep!f, k l2 = 0, CI = -cos ep/f,

k 21 = 0' sin ep, k 22 = ep', C2 = -0' cos ep.

Horizontal and vertical stress resultants:

HI = N I2 COSep+QI sinep

H 2 =N22 cosep+Q2sinep

VI =NI 2sinep-Q1cosep

V2 = N22sinep-Q2cosep.

Force equilibrium:

T)2n = (fH2)rsinlo+ (fN21 )rcos le+ (fM 21 ) sin ep

+ r[{fpfJ)r sin III + (fM II )k 12 sin ep] d.\'.

(4)

(5)

(6)
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(fM:,:,)'/f+1 1Mil + l:,lH:'1 -i.:,:,Q:, -el:,QI +;'1 N I:, +)':,N:,:, - (k ll PI +k:, I P:' +ql) = 0

(fM:, I )'/f- II M I :, - 12 Af2:, -i.) I Q) -e:, I Qo +1'1 Nil +)'2N21 + (k 12PI +kn P2+q2) = 0

(fP2)'/f+k ll M I :, +k:'1 M 2:, -k 12 Mil -k22 M 21 +i'll N I2 -i·n N 21

-cI2NII+e2INn+q, =0 (7)

52 = i. ,1
1U 0 2Q2 +el:,QI -)'1 N I2 -hN 2:')

S\ = -i,"I(kIIMII +kl:,iHI2+k2IM21 +k22 Af22 ).

Constitutlz'c rc!ations:

(8)

(\1'

N~/I = -~-,
«(\:/1

nil'
P =----

2 DljJ x •
(9)

The quantity fill in eqns (6) is the horizontal component of the applied load per unit
area of S. For an internal pressure p,

(10)

where

r' sin 1> - :;' cos 1> cos(O - OJ)
tan r = --- ---------------

, r' cos 1> +:;' sin 1> cos(O - OJ)

(11)

with J.1y == J.1y( -11). Finally, note that the strain measures are of the Biot type.

3.2. Strain-encrgr jimctioll
The constitutive relations (9) are written in terms of the two-dimensional strain-energy

function 11'. For a shell composed of K laminae.

(12)

where W lk
) is the three-dimensional strain-energy function per unit undeformed volume of

layer k, and the /1l
k

l define the transverse locations of the layer interfaces. The present work
uses an expansion for H' that includes the effects of incompressibility, residual strain, and
muscle activation [see Taber (1991b) for details]. As outlined below, the latter two effects
are included by modifying the zero-stress reference state for W.

Passive residual stress and muscle activation alter the local zero-stress configuration.
Thus, for each material element we introduce a passive and an active zero-stress state. The
governing equations above are written relative to a reference state, which we choose as the
unloaded passive state (including any passive residual stress). The deformation of the
reference state relative to the passive zero-stress state is described by the deformation
gradient tensor rJ. p • and the deformation of the passive zero-stress state relative to the active
zero-stress state is described by the deformation gradient tensor rJ..4' The tensorsrJ.1' and rJ..4
are determined a priori through appropriate experiments [see Taber (l99Ia)].
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For the myocardium, we take

W= WI'+W j (13)

where W p and WI are passive and active strain-energy contributions, respectively. For the
passive part in material coordinates, we use

(14)

which Humphrey ct al. (1990a, b) deduced from biaxial tensile tests. In this equation, A/I'
is the fiber stretch ratio and

(15)

is a strain invariant, where the three-dimensional stretches A/I' and Aill' are expressed relative
to the passive zero-stress state (using IX p ). Humphrey ct al. (\ 990a) provided several sets of
values for the material constants C; from which we choose

C 1 = 20.98, (\ = 22.11, C, = 2.45. C4 = -13.26, C5 = 11.34

where all parameters are in mm Hg. These values give a predicted end-diastolic pressure··
volume relation (EDPVR) that is similar to a typical experimental curve for the normal
canine LV (Fig. 3a).

The active strain-energy function is taken as (Taber, 1991 a)

(a)

-- Experiment

~-~ Normal

-- 10% Infarct
- 25% Infarct

1 234

VOLUME (VNo)

AcuteOJ
I 100 tJ .. ./
E ;//. ESPVR.s 80 II/ /
w 60 ;, /
~::::> 40 1/

. / EDPVR
~ 20 r· _---
w 0 +-.--.,.-L,fL,-,...._""-=;=:-;:::.-~-.-,~~"
~
r:l... 0

(b)

4

EDPVR

.0 ESPVR

If

2 3
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o
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I 100
E.s 80
w 60

~ 40
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(f)
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Fig. 3. End-diastolic (EDPVR) and cnd-systolic (ESPVR) pressure volume relations for LV with
acute infarct (a) and chronic infarct (b).
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(16)

where the fiber stretch ratio A/A is computed relative to the active zero-stress state (using rJ- p

and rJ- A ). During diastolic filling Cr, = 0, and empirically fitting the theoretical to the exper
imental end-systolic pressure-volume relation (ESPVR) for the normal canine LV gives
C6 = 204 mm Hg and C7 = 1.4 at ES (Fig. 3a).

3.3. Method 01 solution
Equations (I), (3), (5), (6), (7), (8), and (9) constitute 38 equations in 38 unknowns.t

r, z, ¢, n, w, e,/i, lx' gy, K yfi , t/J" Nyfi , Q" M a/i, P" Si, N" and Vx. The terms involving qi and
P, in the moment equations contribute higher order effects due to moments turning about
the n direction (Taber, 1988), and the curvature changes t/Jy do not appear in our second
order expansion for w. Thus, we neglect these unknowns and eliminate eqns (3h and (9)5'
reducing the system to 34 equations and unknowns. The boundary conditions consist of
zero displacement and rotation (of the meridional face) at the base and the symmetry
conditions All = A22 and K 1l = K22 at the apex.

The governing eq uations were solved numerically using an integrating matrix technique
(Parnell, 1984), which we previously modified to accommodate a mixed system of nonlinear
differential and algebraic equations (Kempski et al., 1988; Podszus, 1992). As detailed in
the appendix, the shell equations can be written in the form

0= b4 (y)

where hi) and b4 are nonlinear functions of the solution vector

(17)

(18)

with YD and YA containing the differential and the algebraic dependent variables, respectively.
The integrating matrix transforms eqn (17) I into a system of nonlinear algebraic difference
equations, and then the full system of algebraic equations is solved using an implicit
Newton-Raphson scheme [see Podszus (1992) for details].

4. PRESSURE-VOLUME RELATIONS

The pressure-volume behavior of the LV depends on the type and size of infarct (Fig.
3). Due to the assumption of unaltered passive properties in the infarcted region, the
EDPVR of the acutely infarcted LV is unaffected (Fig. 3a). The ESPVR, however, shifts
to the right relative to that of the normal LV, and its slope decreases as the infarct size
increases. Correspondingly, while the ED profile of the acutely infarcted LV is the same as
that of the normal LV, the 25% infarct (by reference-surface area) bulges considerably at
ES (Fig. 4a). This paradoxical systole may lead to a permanent bulge, i.e., infarct expansion,
through remodeling or plastic deformation.

For the chronic infarct, the diastolic stiffness of the LV increases (Fig. 3b), as the ED
profile shows decreased cavity volume (Fig. 4b). The ES stiffness also increases but not as
much as does the ED stiffness, as the ES profile is nearly normal (Fig. 4b). All of these
results agree qualitatively with those of Bogen et al. (1980; 1984), who presented a spherical
membrane model for the infarcted LV.

For the normal LV, we specified the typical ED and ES pressures of 10 and 100 mm
Hg, respectively. For the 25% acutely infarcted ventricle, however, the volume at an ES
pressure of 100 mm Hg is greater than the volume at an ED pressure of 10 mm Hg (Fig.
3a). Thus, the stroke volume would be negative unless ED volume is increased. Increasing

tThe unknown hOI' and the constitutive relatiou for 111" are dropped [see Taber (1988)1.
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Fig. 4. Computed end-diastolic and end-systolic profiles of LV with acute infarct (a) and chronic

infarct (b).
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Fig. 5. End-systolic transmural Cauchy tiber stress distributions at several meridional locations in
normal LV (a) and 25'j(, acutely infarcted LV (b). Tbe infarct in (b) is located between the 60%

location and the apex. Note the different scales.

the ED pressure to 20 mm Hg produces a stroke volume similar to that of the normal
ventricle. Thus, the results presented in the following sections for the 25% acutely infarcted
ventricle are based on an ED pressure of 20 mm Hg.

5. STRESS DISTRIBUTIONS

5.1. Normal ventricle
Transmural distributions of Cauchy fiber stresst in the normal LV at ES are shown

for several meridional locations (Fig. 5a). Away from the apex, the stress profiles at the

tFor convenience. we refer to the total stress (matrix T tiber) in the liber direction as the "fiber"stress.
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various sections (equator to 80'Yt" see Fig. 1b) are similar qualitatively and are like those
published for anisotropic cylinder models (Arts c( aI., 1979; Taber, 199Ia). Near the apex,
the location of the pcak fiber stress shifts away from the epicardium, and a subendocardial
stress concentration develops.

Thus, the subcndocardial layers ncar the apcx must sustain a greater load than most
other regions of the normal LV. with a corresponding increase in contractile energy demand
and oxygen consumption These findings are consistent with the greater susceptibility of
the subendocardial apical regional to ischemic insult and subsequent myocardial infarction
(Schlichter e( al.. 1954: Gorlin cl al.. 1967). However. this region also may be more
susceptible to compromised blood supply, since it is served last by the coronary arteries.

5.2. AClilc il/!arn

Thc equatorial region secs little direct influence of the 25% acute infarct (compare
Figs Sa. b). Near and inside the acutely infarcted myocardium (~60%), however. the ES
transmural fiber stress distributions are altered significantly relative to those in the normal
ventricle. At the infarct edge (60% location). thc peak stress nearly doubles and shifts from
the epicardium to midwall. Inside the infarct. the maximum stress occurs at the endocardium
and. at the apex. almost triples the normal value. As shown by longitudinal distributions,
the relativc change in cross-fiber stress is even greater (Fig. 6a). These large stresses within
the infarct may damage the collagen microstructure, leading to infarct expansion (Zhao e(

al.. 1987: Whittaker c( al., 1991). Note also that the infarct stresses in the fiber and cross
fiber directions are similar (Fig. 6). consistent with a nearly spherical bulge.

The longitudinal stress profiles show the details of the behavior in the BZ (Fig. 6). But
tirst, to illustrate the basic ideas behind the following discussion, we consider a pressurized
circular cylinder with a clamped edge (Fig. 7). A thin membrane (dashed curve) with
negligible hending rigidity can satisfy a zero-displacement. but not a zero-slope, boundary
condition. Far from thc edge. the deformation is uniform. Near the edge. however, the
zero-displacement condition forces the development ofa "membrane" boundary layer (M)
that widcns as the pressure increases. For a shell (solid curve), the zero-slope condition
induces a "bending" boundary layer (B) that narrows with increasing pressure [see Taber
(1987a, b) for furthcr discussion].

(~ :: f:ti'd;"m
N -10 ~ I.. B~M

1 I 7_
-20 f'pex I L,~ , Infarct

-1 00 0 100 200

STRESS (kPa)

(b)

N -10 j--_--:=.+.------'"'--__

-20 1Apex :, ~farct
-100 0 100 200
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END SYSTOLE
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25% Acute Infarct:

(c) 20 Epicardium

10

E 0
E-
N -10

'-1\'.
-20 Apex I

1 ,

-1 00 0 100 200

STRESS (kPa)

Fig. 6. End-systolic Cauchy stress distributions along meridian in normal and acutely inl~lrcted

LV: (a) endocardium: (h) midwall : (c) epicardium. (: = distance from equator: (if = fiber stress:
(i. = in-plane cross-liber stress: M = memhrane boundary layer: B ~ bending boundary layer.)
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Fig. 7. Membrane (M) and bending (B) boundary layers near edge of clamped pressurized cylinder.
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In the noninfarcted myocardium near the infarct edge, the fiber stress distributions
reflect a similar type of boundary layer effect (Fig. 6). Since the infarct is flexible, however,
the behavior differs in some respects, as the bulging infarct pulls the adjacent myocardium
outward at ES. The membrane boundary layer (M) produces a stress increase near the
infarct, in qualitative agreement with the results given by the membrane models of Bogen
I.'t al. (1980) and Needleman et al. (1983). The midwall fiber stress at the infarct edge is
nearly triple the normal value (Fig. 6b). The narrower bending boundary layer (B) is
characterized primarily by decreased fiber stress at the endocardium (Fig. 6a), as the
bending rigidity prevents some of thc outward tethering. This boundary layer has a much
stronger effect near the epicardium just inside the infarct (Fig. 6c), where a local con
centration of high compressive stress occurs.

These results suggest that the membrane boundary layer defines thc relatively wide
FBZ, and the bending boundary layer defines the narrower PBZ. Comparing Figs 6 and 4a
at ES shows that the membrane layer corresponds approximately to the region of perturbed
deformation. The bending layer can bc seen in the dcformed LV profile. but it is much less
detectable. Our model predicts large epicardial compressive stresses due to bending just
inside the infarct. If the systolic stiffness in the BZ is lessened, a similar effect also would
occur just outsidc the infarct. The large compressive epicardial stresses may compress
intramyocardial vessels, hampering flow from the surface arteries and providing the rela
tively narrow PBZ compared to the FBZ. The stress concentrations also may induce the
larger cellular hypertrophy (Olivetti ct al., 1986) and the increased myocyte slippage due
to collagen damage (Zhao 1.'1 al., 1987; Whittaker 1'1 al., 1991) that occur in the BZ. The
combined effects of decreased flow and increased oxygen consumption due to elevated ES
stress also could explain in part, why second infarcts often occur at the edge of first infarcts
(Schlichter el al., 1954).

5.3. Chronic infarci
Sincc the ES configuration of the LV is similar to the reference configuration (Fig.

4b), the chronic infarct primarily affects the mechanics at ED. Due to strong bending. the
greatest alteration in stress occurs near the infarct edge at the epicardium, where the peak
stress in the infarcted LV is compressive and has a magnitude about eight times that in the
normal LV (Fig. 8c). This extremely narrow boundary layer supports the lack ofa significant
PBZ after healing. (Note that perfusion of the subendocardial layers normally occurs during
diastole.) Due to the relatively small ED pressure, however, these stresses remain smaller
than the ES stresses (not shown). In addition, note that similarly large compressive stresses
also are present at the base in both the normal and the infarcted ventricles. This is a
consequence of the assumption that the base is clamped to the mitral valve ring.

6. COMPARISOI\i TO EXPERIMENTAL RESULTS

A limited number of quantitative experimental studies are available for comparison.
First, the computed wall thickening at ES is compared to the data of Gallagher ct al.
(1987b), who used sonomicrometers to measure thc impairment in wall thickening across
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(J, = in-plane cross-fiber stress: M = membrane boundary layer; B = bending boundary layer.)

an ischemic boundary in the canine LV. With 2h ES and 2hED being the ES and ED wall
thickness, the wall thickening is defined as

(19)

and the normalized wall thickening at each location along the meridian is defined by

(20)

where (E,,)nonna' is measured before occlusion. Note that (E"Lormal > 0 since the wall nor
mally thickens during systole; thus, E" < 0 indicates systolic thinning.

The 25% acute infarct model predicts the same general pattern of normalized wall
thickening that the experimental preparation demonstrates (Fig. 9). Gallagher et al. (1987b)
defined the FBZ as the distance from the ischemic boundary to 97.5% of the nonischemic
asymptote of a fitted (dotted) curve. This criterion gives experimental and theoretical BZ
widths of about 7.8 and 7.5 mm, respectively.
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Fig. 10. End-systolic transmural Lagrange strain distributions relative to end diastolic configuration
in normal LV and in acutely infarcted region (model) and ischemic region (experiment). Model
results are for 70% location within a 25% infarct, and experimental data are from Villarreal el al.

(1991).

There is, however, one notable difference between the experimental and theoretical
results. The experimental results exhibit little thinning in the infarcted area (Fig. 9), but the
model gives substantial thinning. This discrepancy may be due to residual contraction in
the experimental ischemic myocardium. The size of the ischemic region also may be a
factor. Unfortunately, Gallagher et al. (1987b) did not estimate the size of their ischemic
area.

Villarreal et al. (1991) measured three-dimensional wall strains in the mid-anterior free
wall of canine LVs before and after 10 min of induced transmural ischemia. The ED
pressure approximately doubled between the normal and ischemic ventricles, consistent
with our assumption (see Section 4). The 25% acute infarct model was used to compute
end-systolic Lagrange strains (e;;) in shell coordinates relative to the ED configuration
inside the 25% infarct at the 70% location (see Fig. 1b). Transmural strain distributions
show relatively good agreement between the measured and computed normal strain com
ponents both before and after occlusion (Figs lOa, b, c). After occlusion, the shortening
strains eee and f:ce in the normal ventricle are replaced by lengthening strains, while the
infarct thins (E:m, < 0) rather than thickens during systole. The predicted changes in Dec and
in the shear strain een' however, are too small. These discrepancies may be due to residual
contraction in the ischemic myocardium. Nevertheless, considering the variability inherent
in biological tissues and the uncertainty over whether the model parameters accurately
reflect the experimental specimen, the relative agreement between the two sets of results is
encouraging.

Recently, van Leuven et al. (1994) measured epicardial strains across the perfusion
boundary in the pig heart following 90 minutes of induced regional ischemia. For the
following reasons, however, comparing their data with our model predictions is of rather
limited use. First, the experimental perfusion boundary was oriented primarily in a longi
tudinal direction, and so the strain distribution was measured in a predominantly cir
cumferential direction. Our axisymmetric model assumes no circumferential variation.
Second, similar to the results of Gallagher et al. (1987b), the ischemic region exhibited
little systolic expansion. Third, the measured strain normal to the ischemic boundary was
continuous across the boundary, in contradiction to the discontinuous meridional strain
distributions predicted by the present acute infarct model and that of Bogen et al. (1980;
1984). The theoretical predictions are a consequence of the assumed sharp discontinuity in
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material properties between the normal and infarcted regions. One possible explanation for
the measured resulls is that the ischemic boundary actually consists of interdigitating
perfused and nonpcrfuscd muscle.

7. DISCUSSION

Clinical and experimental evidence indicates a strong correlation between the level of
wall stress and proper functioning of the heart. Wall stress influences intramyocardial blood
flow, oxygen consumption, hypertrophy, and structural remodeling.

The results of the present investigation suggest three primary conclusions. First, the
peak wall stresses within a large transmural acute infarct can nearly triple those in the
normal LV. These stresses may damage the collagen matrix, leading to infarct expansion,
aneurysm, or rupture (Zhao el ai, 1987; Whittaker el al., 1991).

Second, two types of boundary layers alter the mechanics in the noninfarcted myo
cardium near the edge of an infarct. A relatively wide membrane boundary laycr is associ
ated with the FBZ, and a much narrower boundary layer is associated with the PBZ.
Experimental studies have indicated that in-plane tensile stresses have little effect on cor
onary flow (Krams ef al., 1989; Resar el al., 1992; Livingston el al., 1993), but the large
compressive stresses predicted by the model in the epicardial layers (Figs 6c and 8c) may
cause arteries to constrict or collapse, preventing flow into the deeper layers. The elevated
tensile fiber stresses (Fig. 6b), on the other hand, likely increase oxygen consumption. These
effects may lead to infarct extension.

Third, stress concentrations near the edge of a chronic infarct generally are less severe
than those near an acute infarct (Figs 6 and 8). Thus, the healing process may be driven,
in part, by mechanisms that seek to lessen the workload in the BZ. This view is supported
by the cellular hypertrophy than occurs in the BZ (Olivetti cr al., 1986).

7.1. Border :.one

The presence of a FBZ surrounding a region of ischemic or infarcted myocardium
apparently is accepted by most investigators. During acute ischemia in humans, dogs, and
pigs, respectively, Nanto el al. (1993), Gallagher el al. (1987a. b), and Sakai el al. (1985)
have measured FBZs about 10 15 mm wide, consistent with the width of the membrane
boundary layer in our model (Fig. 6). Also consistent with the present model. authors have
attributed this behavior to a tethering effect, with the decreased contraction of the ischemic
area inhibiting the contraction of the adjacent noninfarcted myocardium.

In contrast. the presence ofa PBZ of moderately ischemic tissue remains controversial.
Some researchers describe transition zones from low to high perfusion as wide as 15 mm
(Cox el al.. 1968: Hearse ef al., 1977; Prinzen el al.. 1989). Others find either a very narrow
( < 3 mm) PBZ or none at all (Hirzel et al., 1977; Murdock ef al., 1983; Sakai ef al., 1985;
Gallagher ef al., 1987a, b). The discrepancies in these results may be due to differences in
preparation and measurement techniques. The width of the bending boundary layer in our
model (Fig. 6) is consistent with the concept of a very narrow PBZ about 3 mm wide.

7.2. OTher models

Although many models have been proposed for the normal LV [see Yin (1981 ; 1985)
and McCulloch el al. (1992) for reviews], there have been relatively few attempts to model
the infarcted LV. Models of acute infarcts have focused generally on the effects of infarct
size and thickness on rupture potential and global cardiac performance. The first model of
the infarcted LV was presented by Lowe and Love (1948), who treated the infarct as a
relatively sort bulge on a spherical ventricle. Using variations of this model. Mirsky ef al.
(1978) and Radhakrishnan ef af. (1980) concluded that rupture potential depends more on
the thickness of the infarct than on its size. Although these models provide useful infor
mation, they neglect the mechanical coupling between the infarcted and noninfarcted tissue.

Using a finite-clement model, Janz and Waldron (1978) investigated the effects of
chronic apical infarcts. Their finite-element model was based on an axisymmetric rep
resentation of the rat LV and accounted for large deformations, but the myocardium was
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takcn as isotropic. Thc modcl of Vinson 1't al. (1979) incorporated more realistic threc
dimensional geometry and anisotropy, but nonlinear behavior and the transmural dis
tribution in fiber angle were not considercd. Both of these models examined only diastolic
behavior.

In a series of papers. Bogen 1'1 al. (1980; 1984) and Ncedleman 1'l aJ. (1983) prescntcd
a spherical isotropic membrane model that includcs the effects of large deformation and
muscle activation. To examine various post-infarction stages, they modeled apical infarcts
as axisymmetric caps of various stiffnesses. The predicted EDPVRs compare favorably
with those of Janz and Waldron (1978). illustrating that global behavior can be prcdicted
by a thin-walled model. The computed ESPVRs for various size infarcts are consistent with
experimental and clinical data. Thcy also found elevated stresses and strains in the BZ
adjacent to the infarct boundary, corresponding to the membrane boundary layer of the
present model. The strcss conccntration depended strongly on the infarct stiffness and on
contractility of the viablc myocardium. wherein it dccrcased with the former and increased
with the lattcr.

Membranc models are generally adequate for studying global behavior. but computing
local stress concentrations requircs thc inclusion of thick-wall effects. Bovendeerd (1990)
used a large-deformation. anisotropic. finite-element model to investigate diastolic and
systolic behavior of the LV with an asymmetric transmural infarct. A rough estimate
suggested that the FBZ. based on deformation. is about twice as wide as that for subep
icardial blood flow, in agreement with the experimental results of Prinzen 1'1 al. (1989).
However. their mesh was too coarse to examine the BZ behavior in detail.

7.3. Limitations
Our conclusions are subject to several limitations. which involve the geometry. the

boundary conditions, the material properties, and the theoretical analysis. First. the
gcometry of the LV and the infarcted region is highly idealized. While an ellipsoid of
revolution is a reasonable approximation for the LV (Streeter. 1979), including asymmetries
yields more complex stress distributions (Vinson 1'1 al.. 1979: van Campen et al.. 1994).
Moreover. although most infarcts involve the apcx. they are not really axisymmetric.
Including asymmetry would affect our results quantitatively, but the prcdicted behavior is
probably correct qualitativcly since the Gaussian curvature is positive through most of thc
undeformed LV.

The assumption of a clamped base is likely too constraining. but simple support is
probably no more realistic. The predicted stresses near the mitral valve, therefore. may bc
too large. In addition. we ncglected external loads due to the right ventricle and the
pericardium. These effects should be examined in future work.

The constitutive behavior of passive and active myocardium is not yet completely
understood. The passive strain-energy function used here [eqn (14)] is based on biaxiallests
involving extension but not compression. Thus, thc extremely large compressive stresscs
predicted by the model near the infarct edge (Figs 6c and 8c) may bc suspect. although the
qualitative behavior is correct. Furthermore. the models for the two limiting cases con
sidered here, i.e .. an infarct with normal passive properties and one with infinite stiffness,
likely predict higher stresses than those which aetually occur. Thc active strain-cnergy
function also needs further experimental confirmation. (Note that contraction velocity does
not affect ED and ES.) Improved accuracy awaits more complete data.

Finally. there is thc question of applying shell theory to such a thick shell. which has
a radius-to-thickness ratio of about 2 3. Our thcory accounts for thc thick-shcll crfects of
transversc shcar deformation and transverse normal stress. and Tabcr (1989; 1991 a) has
investigated the accuracy of this theory for shells as thick as the LV, finding surprising
accuracy for simple geometries. On the other hand. the expansion for the 2-D strain-energy
function is based on the assumption that the squares of the bending and transverse shear
strains are small compared to unity (Taber. 1988, 199Ib). Ncar thc infarct edge. these
strains exceed this restriction. Thus. a three-dimensional stress analysis is required in this
region to compute accurate stresses.
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Despite these limitations, the comparisons with experimental data (Figs 9 and 10)
indicate that our model yields a reasonable description of the basic mechanics. More
realistic features should be added in the future.

In conclusion, our shell model for the LV indicates that the mechanical behavior within
and near an infarct may playa role in subsequent complications, Effective treatment likely
depends not only on reducing overall workload, but also on reducing the differences in
properties between the infarcted and noninfarcted myocardium.
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APPENDIX

For axisymmetric deformation of a shell of revolution without surface shear loads, symmetry demands that
i'l = g, = e" = r" = O. Then the solution vector

y=[y/).y,r
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(AI)

is determined by solving the following 12 equations:

Fe"
M 'I cosep + -----"-' M" eos q, + (rH, )(/" sin q, - y, eos q,)

r

r' = ;." cos (/) + y, sin q,

(1/ = ri."(K,, +;'2,q,').r

0= (Nv" )r+f!vf" sin q,

pr' [ I1r J' . .0= (PH 2 )cosq,+7 1- ~.... sm(p-rN"
... r~ 1'22

pr' [ Ilr J'O=(rH,)sinq,-7 l-~'- cosq,-rQ,
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(A2)

Ow
fA?::, r]/{::'1

(A3)

In the llrst equation,
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where

r, = tan '(1'2/;.,,).
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Oncc y is obtained. the quantities. ~, n, w, /", ;.,1, N". M I> Q,. S,. S" f1" V, and V, are computed from

" = i." SIn qJ • cos q,
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